Abstract. A method is described for calculating the impedance of conductor structures comprised of ferromagnetic and non-magnetic layers of arbitrary cross sectional shape with transverse dimensions which are small compared to the conductors length. The method is exemplified on a conductor of axial symmetry enclosed in a high permeability film of uniaxial anisotropy along the conductor axis. To find the impedance the full boundary value problem for the vector potential is solved, allowing driving and eddy currents in both the conductor and the magnetic film, and taking into account the dynamics of the magnetization governed by the Landau-Lifshitz equations. The results obtained are used to model the giant magneto impedance effect in ferromagnetically coated wires.
Introduction
Integration of ferromagnetic films in high-frequency inductors is believed to be essential for further reduction in size and increase in efficiency of micro-electronic circuits.
A typical high-frequency magnetic inductor is a magnetic/conductor/magnetic sandwich, in which the magnetic layers are soft ferromagnetic alloy film. Understanding the factors determining the performance of such metallic-magnetic/conductor layered systems is a necessary step towards technological applications. Eddy currents and ferromagnetic resonance (FMR) losses are known to limit the high-frequency inductive response of magnetic materials. Since the amount of dissipation depends strongly on the device geometry, the widely used equivalent circuit approach (see, e.g., [1, 2] ) is often inadequate for describing magnetic inductors at high frequencies. A proper modelling of the impedance requires a solution of the full boundary value problem for the structure under study, the approach used, for example, in modelling magnetic recording heads [3] . For devices operating near the FMR of the magnetic material, the dynamics of the magnetization and intrinsic magnetic relaxation must be taken into account.
Magnetically coated wires have been studied theoretically in relation to antenna design [4, 5] . These studies focused mainly on the radiation properties of the wires, and did not take into account the distribution of fields over the wire cross section, which is important for impedance analysis. On the other hand, numerical simulations of structures based on conductive anisotropic magnetic films are often quite involved, and do not give a clear guidance in device design and parameter analysis. This paper summarizes the approach developed for modelling high-frequency magnetic inductive elements [6, 7] , and extends the treatment to include the magnetization dynamics and relaxation. For the geometry of axial symmetry, the problem is reduced to one dimension and an exact analytical result is obtained. Because of the high symmetry and hence high magnetic efficiency, this result for circular cross sectional conductors is believed to give the ultimate performance level achievable with planar magnetic inductors.
The results are used to model the longitudinal giant magneto impedance (GMI) effect in magnetically coated wires. There is an extensive literature on the GMI in 'singlelayer' ferromagnetic wires and films (see, e.g., [8] [9] [10] [11] [12] [13] ). Recently, Antonov and Iakubov [10] have analysed the GMI in planar ferromagnetic/conductor/ferromagnetic sandwich stripes, with uniform fields along the width (1D model), and have found a sensor performance enhancement in layered structures over that in single-layer films. We find a similar GMI enhancement in layered structures of axial symmetry, which favours magnetically coated wires for sensor applications. Our results compare well with the experimental data on the GMI in coated wires [14] [15] [16] . In the limiting case, our result for the longitudinal GMI in layered wires is reduced to the known surface impedance expression for the GMI in ferromagnetic 'single-layer' wires (see, e.g., [11] ).
Maxwell's equations for long cylindrical conductors
A sinusoidal steady state exists only in linear response systems: D = ε E, J = σ E and B = µ H, with the permeativity, ε, conductivity, σ , and permeability tensor components, µ ij (see, for instance, [11] ), that are independent of time at each point in space.
In the absence of free electric charges and for a homogeneous µ ij , Maxwell's equations for a harmonically varying source can 0022-3727/00/070773+07$30.00 © 2000 IOP Publishing Ltd be represented by equivalent complex equations [17] :
where E and B are complex vectors in the sense that their components are complex quantities, and the real fields are E = Re ( E e iωt ) and B = Re ( B e iωt ).
is the permeability of free space and the tensorη is
. A transition from the unknown field amplitudes to potential amplitudes is accomplished by first substituting B = curl A into the first equation of (1), then putting the expression under curl equal to a gradient of some scalar function [18] . The electric field then consists of a potential and a solenoidal part:
Using the differential Ohm's law, the current density is obtained as
Next, using (2) and the Coulomb gauge, div A = 0, the second and fourth equations in (1) become
Examples below will be given for soft magnetic alloys, which are technologically attractive for use in planar inductors. The typical conductivity is 5 × 10 5 −1 m −1 , the maximum frequency to be considered is ∼10 GHz and the dielectric constant is approximately that of vacuum, ε 0 = 8.854 × 10 −12 farad m −1 . An estimate of the complex constant σ + iωε in (4) gives
where the number in brackets is dimensionless. Obviously the imaginary part is negligible and (4) can be reduced to
The problem for the scalar potential amplitude can be considered as an electrostatic problem, with no current leaving the surface of the structure. This corresponds to the Neumann boundary condition, ∂ϕ/∂n | s = 0, assuming simultaneously a zero-induced current component normal to the surface. We will be considering structures with interfaces (internal as well as external) that are parallel to the z-axis, with uniform potentials applied to the edges along z.
A schematic of the geometry is shown in figure 1 . The solution to (5) is then grad z ϕ = constant = −E d in all regions, and the potential difference is U = E d , where is the conductor length. The projection of (6) onto the z-axis is
For conductors long compared to the transverse dimensions and short compared to the signal wavelength, i.e. for which
the translational symmetry in the z-direction can be used to reduce the problem for A z to two dimensions:
where
is the effective transverse permeability in SI units.
Since in (8) the driving field amplitude, E d , is constant, it is convenient to work with a normalized vector potential, A = A z /E d , and transform (8) to
which has to be solved separately in each conductive region. Figure 2 shows a schematic of a circular cross sectional conductor of radius a (region '1'), which is enclosed in a magnetic layer of thickness d (region '2'). The length of the structure is a + d. The respective conductivities and effective transverse permeabilities are σ 1 , µ 1 and σ 2 , µ 2 . The axis of the cylinder is chosen to be the z-axis in the cylindrical coordinate system. The linear magnetic response takes the form B r,φ = µH r,φ . If (9) is written in polar coordinates, the axial symmetry of the system makesÃ independent of angle:
Boundary value problem for a conductor of axial symmetry coated by a magnetic layer
A substitution of the formÃ(r) = A(r) − i/ω gives
This is a modified Bessel equation of zero order with the general solution in each region, '1' and '2',
I 0 and K 0 are the modified Bessel functions of zero order, first and second kind, respectively. The requirement for A to be finite at the centre (r = 0) leads to D 1 = 0. Finally, for the two conductive regions we obtaiñ 
For the external region ('3' in figure 2), σ = 0 and (4) becomes
The right-hand side of (16) is a displacement current, which results in stray capacitance and dissipation due to radiation. The first term in the displacement current is the driving electric field in the external region. A numerical estimate shows that the contribution due to this distributed source is only ∼10 −5 of the external vector potential value at the outer surface at a frequency as high as 10 GHz. Therefore, with a good accuracy we can, instead of (16), consider the homogeneous Helmholtz equation
For long cylinders of radius a the external potential becomes independent of the current distribution inside the cylinder. Thus, we can introduce an idealized current line of length , such as depicted in figure 3, and consider A z (r, z) for r a. The solution of (17) functionally identical to the solution of the inhomogeneous equation,
where U(z) is Heaviside's step function and the current I z plays the role of a scaling factor. The solution to (18) in cylindrical coordinates is
which corresponds to an outgoing wave when using the radiation condition at infinity [19] ; c = √ µ 0 ε 0 is the light velocity in vacuum. Provided r < , the Taylor expansion of (19) in the small parameter /λ in the second-order approximation gives Figure 4 shows the real part of (19) and its approximation (20) at z = 0 for 10 GHz and 1 mm wire length. The imaginary part approximated by a constant is depicted in the inset to figure 4. This technique can be used for other cylinder geometries, provided the solution for an 'idealized' current source exists for those geometries. On the surface of the cylinder the induction, B φ (a, z) = −∂A z (r, z)/∂r | r=a , becomes almost constant along z except for the edge regions of order a/ . Therefore, by taking the vector potential to be constant everywhere on this surface, A(r = a, z = 0), we do not change the field distribution in the vicinity of the cylinder. The error introduced is in the external part of the total flux linkage and amounts to the difference between the maximum and mean values of the vector potential at the boundary. This is numerically ≈4% for a = 0.001 . The r-dependence of (20) for r a,
can be used to match the 2D solution inside the structure. The integration constant C 2 takes into account the previous normalization. The factor i/ω was introduced for computational convenience.
In order to match solutions of second-order differential equations one must apply two conditions at the boundary. 
whereB(r) = −∂Ã(r)/∂r andÃ 1,2,3 (r) are given by (13) , (14) 
and (21). Solving for the coefficients and neglecting the terms ((a + d)/ )
2 we obtain
where ) )P I . I 1 and K 1 are the modified Bessel functions of first order. In (23)-(26) radiation loss has been neglected, which is small at frequencies below ∼10 GHz for typical samples (length <1 mm).
Vector potential expression for the impedance
Let us assume that a potential difference is applied to the conductor only. Performing averaging in (3) over the cross section of the conductor,
and then integrating along the cylinder,
we obtain
where R 0 is the dc resistance and the angle brackets mean averaging over the volume. The proportionality coefficient between the voltage and the current in (28) is
If we assume bias conditions such that the current amplitude I is fixed, then the z-component of the vector potential completely describes the impedance. In the literature (see, for instance, [20] ), one can find the reactance defined as a ratio of the magnetic flux linkage to the total current. From (29) the flux linkage is
Here we have extended the integration path from line to contour c closed through infinity, where A ∞ = 0 (figure 3). The sides b and b are chosen such that the tangent vectors n b and n b are normal to A. Then the flux linkage is the flux averaged over all possible contours crossing the volume of the conductor. Expression (28) is the macroscopic Ohm's law for harmonic signals, taking into account the finite thickness of the conductor. If the bias conditions are such that a fixed voltage amplitude is applied to regions with different conductive properties, then the simplest approach to impedance calculation is to find the total current and the potential difference averaged over the edges (as in (27)). In this case the current density distribution completely describes the impedance. The normalization introduced in (9) simplifies the expression for the impedance: 
Using (13), (14) and (23), we obtain the impedance as a function of the inductor parameters and frequency:
Because of the high symmetry of a circular cross section inductor and as a result of the high magnetic efficiency, (32) is believed to be the ultimate performance level achievable with magnetic film inductors.
Longitudinal GMI in coated wires
Let us consider a coated wire with the effective permeability of the magnetic layer given by with ω M = γ 4πM s , ω A = γ H A and ω H = γ H z . M s is the saturation magnetization, H A is the anisotropy field, H z is the external magnetic field, γ is the gyromagnetic ratio and κ is the damping parameter. This formula is for the longitudinal orientation of the equilibrium magnetization (with longitudinal anisotropy, H A ) and ω M ω A , ω H , ω [11] .
A large µ 2 and the ability to vary it by varying the applied field, H z , results in GMI. In order to compare our result for the impedance of a coated wire with that for a magnetic wire, we make both materials identical, µ 1 = µ 2 , σ 1 = σ 2 , and obtain the surface impedance expression [11] . The result is shown in figure 5 . The difference between the two structures is most pronounced in the real part of the impedance, which is significantly more sensitive to external field in the case of the coated wire. To demonstrate the improved sensor response of the layered structure, we plot in figure 6 is maximum (10 kHz for the parameters chosen, figure 6(a) ) the sensitivity enhancement for the coated wire versus the uniform magnetic wire is twofold ( figure 6(b) ).
The circumferential permeability for H z > H A is
Using this expression and (32) we have fitted the experimental data from [14] . The physical and geometrical parameters were varied only slightly to obtain the best fits. The result is shown in figure 7 . The agreement is good given some unavoidable uncertainties (such as the exact value of the damping parameter for the magnetic material). The real part drops sharply with field to almost zero, while the imaginary part varies relatively slowly. The model accurately reproduces this behaviour.
Conclusions
A simple analytical expression for the impedance of a ferromagnetically coated wire with the equilibrium magnetization directed along the wire axis is obtained, which includes the effects of screening in both the conductor and the magnetic film, the magnetization dynamics and relaxation in the magnetic material, as well as the radiation loss. The result obtained is used to model the longitudinal GMI in magnetic wires. The GMI response of a magnetically coated wire is found to be higher than that of a magnetic wire, which favours coated wires for sensor applications.
